1 Let (R, m) be a Noetherian local ring and M a finitely generated R−module with dim M = d. This paper is concerned with the following property for the top local cohomology module
In case R is complete with respect to the m−adic topology, the property (*) is satisfied for all Artinian R−modules A because of the Matlis duality between the category of Noetherian R−modules and the category of Artinian R−modules. Unfortunately the property (*) is not satisfied in general. For example, let R be the Noetherian local domain of dimension 2 constructed by D. Ferrand and M. Raynaund [FR] (see also [Na, App., Exam. 2] ) such that its m−adic completion R has an associated prime q of dimension 1. Then the Artinian R−module A = H 1 m (R) does not satisfy the property (*), cf [CN1] . However, it seems to us that the property (*) is an important property of Artinian modules. For example, the property (*) is closely related to some questions on dimension for Artinian modules. In [CN1] , it is shown that N-dim A = dim R/ Ann A provided A satisfies the property (*), where N-dim A is the Noetherian dimension of A defined by Roberts [R] (see also [K2] ). Note that this equality does not hold in general. Concretely, with the Artinian R−module A = H 1 m (R) as above, N-dim A = 1 < 2 = dim R/ Ann A although this ring R is catenary and the top local cohomology module H 2 m (R) satisfies the property (*).
The purpose of this paper is to study the property (*) for the top local cohomology Artinian module H From now on, we denote by R (resp. M ) the m−adic completion of R (resp. M ) and Usupp b R M the unmixed support of M as an R−module. The main result of this paper is the following theorem.
Theorem. The following statements are equivalent:
Here, the notion of system of parameters for Artinian modules is defined according to Section 2.
As an immediate consequence of the above main theorem , we have the following characterization for the catenaricity of a Noetherian local domain. This paper is divided into 4 sections. In Section 2 we introduce the property (*) for Artinian modules and recall some basic facts that we need in the sequel. In the last two sections we present the proof of the above main theorem. The characterizations of the property (*) for H d m (M ) in terms of system of parameters and the relation between two sets Usupp M and Usupp b R M (the part (i)⇔(iii)⇔(iv) 2 of the main theorem) are proved in Section 3. In Section 4, we prove the equivalence between the property (*) for H d m (M ) and the catenaricity of Usupp M (the part (i)⇔(ii) of the main theorem). We also examine some non-catenary domains to clarify the results.
2. When is Ann(0 : A p) = p for all prime ideals p ⊇ Ann A?
For each Noetherian R−module M, it is clear that Ann(M/pM ) = p for each prime ideal p ∈ V (Ann M ). Therefore, for each Artinian R−module A, we consider the following property:
As we mentioned in the introduction, the property (*) is not satisfied for all Artinian modules. In this section, we give some conditions such that this property is satisfied.
First we have the following result which is proved in [CN1] . 
It should be mentioned that Supp
We also note that, for each Artinian R−module A, A has a natural structure as an Artinian R−module (cf. [Sh] ), and with this structure, a subset of A is an R−submodule of A if and only if it is an R−submodule of A. Therefore it is natural to ask whether
Below we show that this equality holds if and only if A satisfies the property (*).
Recall that A has a minimal secondary representation A = A 1 + . . . + A n , where A i is p i −secondary, and the set {p 1 , . . . , p n } does not depend on the choice of the minimal secondary representation of A. This set is denoted by Att A and called the set of attached prime ideals of A, cf. [Mac] . It follows by [Sh] that
Proposition 2.2. The following conditions are equivalent: (i) A satisfies the property (*). (ii) V (Ann
Hence q∩R ∈ V (Ann A) and hence p∩R ∈ V (Ann A). Conversely, let p ∈ V (Ann A). Then Ann(0 : A p) = p by the hypothesis (i). Since p is a minimal prime ideal containing Ann(0 : A p), it follows that p ∈ Att(0 : A p). Therefore there exists a
Thus, Ann(0 : A p) = p.
Roberts [R] introduced the concept of Krull dimension for Artinian modules. Kirby [K2] changed the terminology of Roberts and used the terminology of Noetherian dimension to avoid confusion with Krull dimension defined for finitely generated modules. In this paper we use the terminology of Kirby [K2] . The Noetherian dimension of A, denoted by N-dim R A, is defined inductively as follows:
d is false and for every ascending sequence
The following result gives some good properties of Noetherian dimension for Artinian modules which are in some sense dual to that of Krull dimension for Noetherian modules, cf [R] , [K1] .
is a polynomial for n ≫ 0, and
It follows by Lemma 2.3 that there exists a sequence (x 1 , . . . ,
Note that, with the natural structure as an Artinian R− 
Moreover, it follows by Matlis duality that
Note that the set of all minimal elements of Att A is exactly the set of all minimal prime ideals containing Ann A. So, we have
The following result shows the relation between N-dim A and dim R/ Ann A.
Proposition 2.4. [CN1] . The following statements are true.
Remark 2.5.
(i) As we mentioned in the introduction, there exist Artinian modules A such that N-dim A < dim R/ Ann A.
(ii) The converse of Proposition 2.4,(ii) is not true. In the next sections, we will show that the top local cohomology module A = H d m (M ) of a finitely generated R−module M of dimension d does not satisfy the property (*) in general, although it always satisfies the condition N-dim A = dim R/ Ann A = d.
The property (*) for the top local cohomology modules
From now on, let M be a finitely generated R−module with dim M = d. In this section, we examine the property (*) for the top local cohomology module H 
The set Supp M/U M (0) is called the unmixed support of M and denoted by Usupp M.
Proof. We have by [BS] that
Moreover, the set of all minimal prime ideals containing Ann H 
There are some nice relations between associated primes and the supports of M and of its m−adic completion M . For example, Ass
So, it is natural to ask about the relation between Usupp M and Usupp b R M . First we have the following lemma. 5
In general, the two sets Usupp M and { p ∩ R : )) is m−primary, and hence so is 
and only if it is a system of parameters of
Hence p = q i and hence p ∈ Att(0 :
The catenaricity of Usupp M
We say that Supp M is catenary if for any prime ideals p, q ∈ Supp M with p ⊂ q, all saturated chains of prime ideals starting from p and ending at q have the same length. It is clear that Supp M is catenary if and only if the ring R/ Ann M is catenary. Therefore, Supp M is catenary and dim R/p = d for all minimal prime ideals p ∈ Ass M if and only if dim R/p+dim M p = d for all p ∈ Supp M, cf. Remark 18.5 of [HIO] . In particular, since dim
The following theorem is the main result of this section, which shows that the property (*) for H Proof. As (x 1 , . . . , x r ) is a part of a system of parameters of M , we have
Moreover p is a minimal prime divisor of Ann M + (x 1 , . . . , x r )R, so that dim R/p is at most d − r. There is a minimal prime divisor q of Ann M which is contained 7 in p. As q belongs to Ass R (M ) it follows from our assumptions that dim R/q = d. Moreover p is a minimal prime divisor of q + (x 1 , . . . , x r )R, so that ht(p/q) does not exceed r (cf. [Mat, Theorem 18] ). As R/q is catenary of dimention d, it follows that dim R/p = d − ht(p/q) is at least d − r. Therefore dim R/p = d − r. R R/p R, we get p ∩ R ∈ Ass R/p, i.e. p ∩ R = p. Note that the natural map R −→ R is faithfully flat, and therefore the going down theorem holds (see [Mat, Theorem 4] ). So, there exists a prime ideal q ∈ Spec R such that q ∩ R = q, q ⊆ p and ht( p/ q) ≥ r. These facts imply that
Hence dim R/ q = d. Moreover, since the natural homomorphism R q −→ R b q is faithfully flat and M q = 0, we have
